Abstract. We investigated the dynamics of excited phonon spectra of the E ⊗ e Jahn-Teller model using a mapping of the quantum level system onto the generalized Calogero-Moser (gCM) gas of pseudoparticles. We performed numerical simulations for the respective set of gCM equations. Supported by approximate analytical calculations they imply existence of a crossover regime in a pseudotime (interaction strength) between the initial oscillator regime and the nonlinear regime of a kink-train lattice. The crossover is due to the interplay of nonlinearity and fluctuations of quasiparticle trajectories (excited levels). The fluctuations increase by interference of three branches of "pseudocharges" of increasing range in the course of the pseudotime. Respective degree of irregularity (stochasticity) is characterized by the entropy of probability distributions of pseudoparticle accelerations (level curvatures) evaluated numerically. It exhibits broad maxima in the range of maximal mixing of the pseudocharge branches. Analytical estimations show that at the crossover between the oscillator j < nr and nonlinear j > nr regime there are created local nonlinear fluctuations, nuclei (bubbles) forming a precursor phase of the growing kink phase. This can be conceived as analogous to a sequence of quantum first order phase transitions. The maximal mixing of three branches of the pseudocharges occurs in the phase of the kink nucleations. The interacting kink-train lattice phase is stabilized when approaching the semiclassical limit. In this regime of zero curvatures the series of bifurcations of the nearest level spacings as signatures of a pre-chaotic behavior at the quantum level were recognized.
Introduction
The analysis of irregularities in quantum spectra, e.g. the search for fingerprints of chaotic behaviour at the quantum level is especially delicate for the models with the absence of a reasonable semiclassical limit or for the systems with mixed quantum statistics due to the presence of quantum tunneling or nonadiabatic fluctuations [1] . In this paper we shall investigate the consequences of the interplay of nonadiabatic fluctuations due to level correlations and nonlinearity in the course of increasing interaction strength in complex spectra of the Jahn-Teller (JT) electron-phonon model. We shall analyze the level dynamics (change of the positions of quantum energy levels as function of the changing parameter of the electron-phonon coupling) in order to determine a measure of the stochasticity in the present irregular and highly nonuniversal model as was implied by the earlier analysis of the nearest level spacing probability distributions [2] .
The JT model with one control parameter of the electronphonon interaction strength can be mapped onto an integrable classical many-body system with repulsive longrange interactions known as the generalized Calogero-Moser gas (gCM) of Coulomb interacting pseudoparticles [3] - [6] . This method provides a bridge to the statistical description and thus it appears as a basis for the diagnostics of some systems between regularity and chaos [7] - [9] ; at least the statitical description applies for the models bearing appropriate Gibbs measures.
Excited energy levels E n (α), n = 1, . . . , N of a quantum Hamiltonian of the form H(α) = H 0 +αV can be considered as dynamic coordinates of N interacting pseudoparticles moving in a pseudo-time τ ≡ α, E n (α) ≡ x n (τ ), dx n /dτ = p n (τ ). The gCM set of equations equivalent to the quantum mechanical problem H(α)|φ = E n |φ reads dp n dτ = 2
where
This system is known to be completely integrable [5, 6] , hence it possesses as many integrals of motion as is the number of independent variables. The most important two additive integrals of motions are the total "energy" (the classical Hamiltonian which generates the above equations of motion (1))
and the total "angular momentum"
The first or both mentioned integrals of motions were used to develop the statistical description of the gCM system by appropriately introducing the canonical ensemble and corresponding Gibbs measures [4, 10] . In our case of E⊗e excited level system we have found that these methods fail because the system is highly nonuniversal and locally out of equilibrium in every finite pseudotime and, consequently, characterizing by essentially non-Gaussian distributions. The equation (3) allows us to interpret the system as a two-dimensional Coulomb plasma of non-local time dependent pseudocharges V jk (τ ), −V jk (τ ). A respective equation for them alternative to the equation for L mn is implied by (1) and (2) to yield [7] dV mn dτ = l =(m,n)
In what follows the level dynamics formalism is applied to the excited phonon spectrum of the E⊗e Jahn-Teller (JT) Hamiltonian [2,?] 
Here, b 1,2 are boson (phonon) operators of two oscillators
are Pauli matrices, I is the unit matrix, α is the coupling constant between electron and phonon modes. The 2 × 2 matrix form accounts for two electron levels. The model (6) with one nonintegrability parameter α of the form H(α) = H 0 + αV and the integrable part H 0 is suitable for application of the gCM mapping (1).
The JT model (6) consisting of two degenerate electron levels coupled with two vibron modes of different symmetry against reflection is a typical representative of a nonintegrable nonadiabatic system having no reasonable semiclassical limit. The model has been intensively studied since long ago [12, 13, 11, 9] and is known to imply rich physical properties and consequences of heuristic and application interest. The symmetric E⊗e model, besides of the common SU (2) reflection symmetry, has one additional constant of motion, namely, the conserved angular
2 σ y with eigenvalues j = 1/2, 3/2, . . .. Hence in the following the representation of the definite quantum number j will be used which turns to be an additional parameter of the model (see for the details the earlier paper [2] ). To illustrate the typical properties of the gCM gas we have numerically solved the set of gCM dynamical equations (1), (2) and (5) for the system (6). The initial conditions V mn (0) for the model (6) are specified from the set of equations for the excited levels of the model. It consists of pairs of even and odd levels E n , n ≡ 2n r , 2n r + 1, n r = 0, 1, . . . (main quantum number) determined by the well known tridiagonal matrix
Here, E 0 n are energies of the unperturbed harmonic oscillators; {c n } are components of the wave function in the harmonic oscillator representation (where H 0 is diagonal). From (7), the perturbations are found to correspond to the matrix elements [12, 2] 
representing the values of pseudocharges (5) at τ = 0.
2 GCM dynamics of the Jahn-Teller excited spectra. Numerical results
In this Section we present numerical solution of the set of gCM equations (1)- (2) for varying values of rotational quantum number j with initial conditions x n (0) = E
n , p n (0) = 0, V 2n+1,2n (0) ,V 2n−1,2n (0) given by (8) . We took a limited number of levels (typically up to 20). In order to confine the levels we imposed the boundary conditions fixing the first and last level unmoved (in other words, replacing the first and last pseudo-particle by pseudo-particles of the infinite mass). The examples of numerical solutions to gCM equations are shown in Figs.(1-2) for three sets of variables (x n , p n , V mn ) involved. The solutions for energy levels not very close to the artificial boundaries of the interval locally reproduce well the numerical solutions for energy levels as functions of α obtained via the diagonalization of the Hamiltonian matrix (7) (see [2] ). Further, the reproducibility increases with increasing number of levels. In Figs. (1-2) one can recognize a complex dynamical behaviour of three coupled groups of excitations: at small α there are two groups of pseudo-particles (levels), even and odd, of weakly perturbed oscillations with opposite amplitudes (Fig.1 ) and related rapidly oscillating pseudo-momenta p n . After a small initial period the level degenerations are removed due to creation of new interlevel correlations of more distant levels represented by the "pseudocharges" V mn (τ ) for m > n + 1 (Eqs. (1), (2)). They emerge as the third (central) band in Figs. (1-2,c). With increasing α and j the interference between the central and the side bands increases, destroying the oscillating nature of the levels x n and related momenta p n . This scenario tends finally to a formation of a single stochastic central band of pseudocharges (Fig.2c) . Moreover, within the single stochastic band there appear very narrow windows of a collision-free ballistic motion of linear dependence x n ∼ vα and p n ∼ const. This can be attributed to the kink domain in the long-time limit when the joint effect of the stochastic set of correlations (including the long-distance inter-level correlations (Fig. 3c) ) vanishes leaving the free particle-like dynamics (1). The correlations between the levels (x n+i , x n ), i = 1, 3, 5 (maps) for different model parameters and parts of the spectra are illustrated in Fig.3 (in these figures the notation x n stands for the "reduced" part of the level energy with extracted energy of the level E 0 and "secular" part n− α 2 . The semi-elliptic shape of the maps related to the highest parts of the spectra suggests the strong effect of the correlations x 2n+1 · x 2n with excluded space inside the ellipse (Figs. 3a,b) . This is a direct indication of the level avoidings. The effect noticeably changes for different parts of the spectra and gets more randomized and pronounced with increasing α and j. On the other hand, for extremely high α and j close to the classical limit, the effect of correlations randomizes the map so strongly that the excluded space vanishes (Fig.3c) . Fig. 3 . Examples of maps of exact solutions xn+i vs xn for i = 1, 3, 5 for different j and α and different parts of the spectra: 100-300 -blue, 300-500 -red, 500-700 -yellow, 700-750 -green.
Probabilistic distributions of pseudo-particle characteristics
An approach complementary to the developed dynamic (deterministic) picture can be provided by the description of the system in terms of the statistical distributions. The common ad hoc assumption thereto consists in introducing a canonical (or grand canonical) ensemble and an appropriate Gibbs measure in the phase space of all dynamical variables [10,4] dM = exp(−βH)dx n dp n dL mn . In the domain of developed quantum chaos this approach is shown to reproduce the main results of the RMT, in particular, in predicting the form of the distribution of level spacings and level velocities. Similarly, it can be used for the investigation of the response of the energy spectrum to the change of nonintegrability parameter (that is for the distribution of pseudoparticle velocities v nn ≡ dx n (τ )/dτ and their accelerations (level curvatures)
2 ). In particular, in the domain of applicability of the RMT the distribution of the velocities should be Gaussian with the dispersion equal to the "temperature" parameter 1/β in the Gibbs measure [7] . The principal prediction for the distribution of the level curvatures is their asymptotic behaviour at large K which is shown to be of the universal form P (K) ∼ K −ν with ν = 3, 4, 6 for different kinds of ensembles [10] . The strongest assumption in this approach is the form of the Gibbs measure which implies the "thermodynamic equilibrium" of the system. In the domains of not completely developed chaos this assumption seems to be not valid. In particular, the statistical distributions P (v) of the level velocities v ≡ p n ≡ V nn (τ ) for fixed j and τ ≡ α for JT system are shown in Fig.4 . They develop from the initial (small α) oscillation behaviour for large n (upper part of the spectra, Fig. 1c, 4b ) to strongly broadened oscillatory bands due to the stochastic velocities in the lower part of the spectra, Fig. 2c, 4a . The non-Gaussian character of such distribution points on the necessity of more correct introducing the stochastic measure. The same can be said about the distribution of the level curvatures P (K) exemplified in Fig.5 . As it was already pointed by us [2] the development of the distribution of P (K) in "time" α has some features common to the diffusion process governed by the diffusion equation with additional telegraph term, i.e. T ∂ 2 P/∂τ 2 + ∂P/∂τ = D∂ 2 P/∂K 2 where D is the "diffusion coefficient". The coefficient of the telegraph term accounts for the memory effects. In particular, the telegraph term is responsible for the appearance of the characteristic "wings" for large K which are not grasped by the RMT approach. A correct account for these features requires writing an equation for the measure dM (α) as developing in time and only in the limit of RMT ("quantum chaos") coinciding with the Gibbs measure. In view of the twopeak probability distributions P (k) we use the "entropies" − P (K) log P (K)dK of the level curvature (pseudoparticle acceleration) distributions rather than their dispersions in order to characterize the fluctuations of the particle accelerations (level curvatures) against the pseudotime, Fig. 6 . The crossover between two above described phases is thus evident.
3 GCM dynamics of the Jahn-Teller excited spectra. Approximate analytical approach.
The simplest analytical approach based on the approximation of constant (initial) values of matrix elements V 2n+12n (τ ) and V 2n−12n (τ ) can be applied for small α. It must be borne in mind that this approach neglects the dynamics of V mn (τ ), i.e. the correlations of more distant levels developed in the course of pseudotime (Figs.3,b,c) . As a consequence our two-level approach includes only the dominating nearest neighbour interactions. In a limited extent this approximation allows for understanding the main features of the model satisfactorily consistent with our numerical results. This formulation will recover the local crossover between the anharmonic oscillator regime and a complex nonlinear regime.
Within the approximation of constant matrix elements, let us take in (2) V 2n+1,2n (τ ) ≈ V 2n+1,2n (0) = f nn (n r , j), V 2n−1,2n (τ ) ≈ V 2n−1,2n (0) = f nn−1 (n r , j) from (8) (in what follows we denote j ≡ |j − 1/2| for brevity). Then,
Since the number of phonons is not conserved the number of pseudoparticles (excited levels) in system with Hamiltonian (6) is not a fixed value. Therefore only for small α one can choose a two-level approximation of the gCM equations, the levels denoted by x 1 , x 2 . We set the origin of coordinates so that two levels x 1 , x 2 are symmetric and separated by x 2 − x 1 ≡ 2x; the effect of the rest levels of the system will be accounted by two bounding (fixed) levels, x 0 , x 3 separated by a distance x 3 − x 0 = 3. To simplify notations we denote f nn ≡ f 0 , f n+1,n ≡ f 1 . The set of gCM equations yields then as a point of the potential minimum. The harmonic oscillations of the frequency V ′′ = 2(2f
or n r ≈ j. This condition determines the border between the harmonic oscillation region (n r > j) and the nonlinear region (n r < j) of this simplified model. The model generates the map illustrated in Fig. 7 . Since the subsequent clusters in it are independent the whole map is completely determined by the phase shift of the oscillations from cluster to cluster (changing the parameter n r numbering the clusters). Resemblance to the corresponding exact Fig. 3a can be traced only for higher levels otherwise the simple two-level symmetric model completely ignores the level avoidings.
In order to proceed beyond the two-level harmonic approximation we shall account for the collective effect of neighbour levels with level-to-level variations of the "pseudocharges" f mn . Let us define small fluctuations δ as x 2n+1 − x 2n ≡ 1 + δ 2n . The set of respective equations derived from (7) reads then 1 2
Fig. 5. Probability distributions P (K) for α = 2, K = ∂ 2 xn/∂τ 2 being the level curvature (pseudoparticle acceleration). Note the two-peaked oscillator-dominated region in the upper part of the spectra (b). The stochasticity-dominated region in the lower part of the spectra exhibits (i) a prominent peak at K = 0 which corresponds to the kinks (p = const, see For sufficiently large n, f n+1,n+1 ≈ f nn , f n+1,n ≈ f n,n−1 , and equations (12) imply approximate relations δ 2n+1 ≈ δ 2n−1 , δ 2n+2 ≈ δ 2n . Then the pairs of pseudoparticles (levels) represent an analogy of a dimerized system or a lattice with two atoms in a cell. For further considerations let us note that from (12) it follows that δ 2n , δ 2n+1 is a pair of reflection-symmetric quantities against the transformation τ → iτ .
Structures in the nonlinear regime and quantum phase transition-like nature of the crossover
For increasing τ and j the picture of "pseudocharges" V mn (τ ) (equation (3) and Fig.1 ) dramatically changes by the creation of new long-range components which form a central branch of highly irregular oscillations. A strong mixing between the short-range (two side-bands in Fig.1 ) and long-range V mn 's (central band) takes place up to a limit of large j when the side-bands disappear (Fig.2c) . At large α, the level dynamics is affected mostly by the central irregular branch of the "pseudocharges" V mn . A Fig.3a ) generated by the simple two-level model (10) . The correspondence with the exact result in Fig.3 is satisfactory except of the close-to-zero part -the level avoidings are neglected in the model. simple approximate dynamic description of the crossover between oscillatory and nonlinear regimes can be obtained by starting from the set of dynamic equations (12) for the fluctuations δ 2n and δ 2n+1 . We develop the terms on r.h.s. of equations (12) into series up to the lowest order of nonlinearity δ 3 . If we extract the term
and define δ 2n+1 ≡ 1 + y, δ 2n ≡ x, equation for δ 2n+1 of (12) can be rewritten in a form suitable for further analysis,
Using a periodicity condition mod(y + 2) = y one arrives at
where the nonlinear potential
indicates a crossover analogous to the first order quantum phase transition due to a small driving force (|x| ≪ |y| by definition). With the simplification for large n, f
nn−1 one obtains a condition defining the dimerization regime δ 2n ≈ −δ 2n−1 where equation (12) for δ 2n yields an equation analogous to (14) . In the case when the driving forces on the r.h.s. of (15) (∼ y) are either mutually compensated or each of them tends to zero (large j and n r ), i.e. (f (14) and (15) imply a crossover analogous to the second order quantum phase transition at f 2 n+1n+1 − 2f 2 n+1n = 2(j − n r ) = 0 which coincides with the criterion for the crossover to nonlinear regime from the simple analysis of equation (11) . For j < n r (one-well potential) we identify the phase of anharmonic oscillators, while at j ≥ n r there opens a double potential well and correspondingly a new phase appears.
Equation (13) for y at j > n r with accounting for the small driving force
(17) Here, F (16) consists of two competing parts: the drift term due to the broken periodicity and the "pressure" force from the neighbour levels. If F > 0 and f 2 n+1n+1 − 2f 2 n+1n > 0 it drives a first order quantum phase transitionlike crossover generating nonlinear fluctuations (bubbles). The exact solution to the normalized nonlinear equation of the type (17) was found in a closed form of a nonlinear oscillation [14] which in our case reads
The "bubble" fluctuation (18) is a periodic non-sinusoidal travelling oscillation moving with the velocity v ≈ 2 √ j. The amplitude a of the fluctuation y is spanned by the driving field F . This force grows when x (x ≤ x max = 1/ 2(j + n r )) decreases until the energy of the excitation (18) reaches the energy of the kink (see below) where v ≈ 2 √ j is the minimum velocity of the kink. Namely, if j increases, j ≫ n r , then x → 0 and a → 0 (a → 1/(j −n r )), so that the intermediate "bubble" phase transfers into the kink phase.
Simultaneously, when increasing j and α the dimerization condition mod(y + 2) = y will fail (Fig.2) , f 2 n+1n+1 ≈ f 2 nn and the driving force F vanishes (x max → 0). Equation (13) up to the second order terms tends to
If we pass to the imaginary space ζ = i(vτ − n), then solution of (19) yields a travelling pulse
From the definition of δ 2n+1 we have x 2n+2 − x 2n+1 ≈ ∂x 2n+1 /∂n = 1 + δ 2n+1 = 2 + y and equation (20) implies the kink-shaped profile,
max is the velocity of the travelling kink wave and L = 1 2
is the kink width. The time of collision can be estimated from
, j > n r . Hence, the collision time close to the semiclassical limit yields τ c → 1/ √ 2j. The solution (21) represents the tunneling between two nearest neighbor trajectories. Indeed, for large j (f 2 nn > 2f 2 n+1n or j > n r ) it gets a form of a propagating nonlinear pulse in the imaginary space y(ζ − ζ 0 ), ζ = i(vτ − n), where ζ 0 = i(vτ 0 − n 0 ) restores the translation symmetry. The nonlinear phase represents a kink lattice structure apparent in Fig. 2 . Such a solution corresponds to a general result of [15] predicting soliton-like structures within the gCM approach.
Transition to the imaginary space effectively reverts the sign of the potential, i.e. a pseudoparticle turns to the tunneling domain and changes its parity (see the mirror symmetry of equations (12)), e.g.
. As a result, the trajectories (pseudoparticles) interchange their velocities
when transferring from the real to the imaginary space and vice versa. This scenario can be understood as a series of soliton (kink) collisions related to two subsequent levels.
In the case of ∂ 2 δ/∂τ 2 = 0 we have p n = const so that the value K n = ∂x n /∂τ = 0 corresponding to a peak in Fig. 6a represents kinks. One has x 2n+1 = x 2n +v∆τ (here ∆τ is the time distance between two kinks) and from (12) one finds . The values of j and n r estimated above determine the value of A close to 2 from above, A ≥ 2, i.e., from the subcritical region. The symptoms of chaos at the quantum level can be identified in our case as a pre-chaotic regime of series of bifurcations.
The pre-chaotic behavior refers to the regime of medium j and n r between the weak coupling with j ≪ n r (dimerized pairs of damped oscillators) and strong coupling with j ≫ n r (kink) domains. This description by original quantum numbers related to the JT system is kept evidently because the mapping onto the classical gCM gas keeps the presence of the quantum numbers.
Conclusion
Dynamics of the JT phonon spectra in the gCM model shows developing in a pseudotime of the interplay of nonlinearity and fluctuations of the dynamical degrees of freedom for j ≥ n r . This dynamics implies varying degree of irregularity caused by interference of three branches of the pseudocharges with growing in pseudotime range of interaction. We have found that the maximum mixing and hence the maximum of stochasticity (irregularity) is related to the intermediate phase of the nucleation of the kink-train lattice. The scenario can be conceived as a series of the quantum phase transitions of the first order. There the intermediate "bubble" phase mediates transition between the linear phase of damped oscillations for j < n r and the lattice of interacting kink-trains for j > n r . The kink lattice as represented by the central peak in the curvature distribution (k = 0) of Fig. 5 corresponds to the sequence of bifurcations of the nearest level spacings close to the semiclassical limit. The local dynamics of the kink is governed by the balance between the sink of the energy by selflocalization between two subsequent "collisions" in the course of the "pseudotime" and the travelling energy vτ c .
